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1 ADMINISTRIVIA

We were informed about the budget redimensioning on March 22. We had to reschedule some
activities and scale down some research and dissemination plans.

Due to web server issues, independent of our project (it triggered an antivirus warning
on some computers), we have moved the project webpage to http://gabrielistrate.
wordpress.com/idei-2016.

2 SUMMARY OF ACHIEVEMENTS

In the reported year, three of our results, previously detailed in the 2017 report, have been
accepted for publication and published in reputable scientific venues:

- One paper was accepted for publication in Discrete Applied Mathematics. It is currently
available online on the journal website in early publication format (no assigned volume
and page information).

- Two other papers were accepted and have appeared in conference proceedings (MCU’2018
and ACA’2018), in the Lecture Notes in Computer Science series of Springer Verlag.
These two papers will also probably have journal versions, as they were invited for
submission to the special issues dedicated to these conferences of Fundamenta Infor-
matica and Natural Computing, respctively.

Three more papers have been completed, submitted, and are currently under review,
at Discrete Mathematics and Theoretical Computer Science, International Conference on
Artificial Agents and Multi-Agent Systems (AAMAS, an A* ranked conference), and ISPRS
Journal of Photogrammetry and Remote Sensing, respectively.

We have started work on several other research problems, detailed below, that did not
yet result in a submitted paper. We intend to complete them in the next year of the project.

3 RESEARCH ON HEAPABILLITY

3.1 HEAPABILITY OF PARTIAL ORDERS

The results discussed in the 2017 report were completed this year and submitted for publica-
tion. The paper is currently under review in Discrete Mathematics and Theoretical Computer
Science.

3.2 FORMAL LANGUAGES AND POWER SERIES ASSOCIATED TO THE HAMMERSLEY

PROCESS.

The results reported in the 2017 report have been submitted, accepted and published in the
proceedings of MCU’2018. A revised, extended version is scheduled to be submitted for a
special issue of Fundamenta Informatica.
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3.3 NEW DEVELOPMENTS

Heapability with fixed increments. We have started investigating a generalization of the
model in paper [1]. This is motivated by a paper of Badevant et al. They investigate a version
of the Ulam-Hammersley problem where the notion of increasing sequence is strenghtened to
require a minimum difference of k between consecutive terms (where k is a fixed parameter).

The requirement from Basdevant et al.can be adapted to the notion of heapable sequences
as well. Some of the earlier results on heapability can be extended to this framework. These
include the correctness of a "patience greedy" algorithm for decomposition of an integer
sequence into heaps with minimum difference k, as well as the characterization of the number
of heaps in such a decomposition using linear programming.

Other aspects of the problem, such as the value of the scaling constant and the extension
and characterization of the language-theoretic counterparts of Hammersley’s tree process
from [1] are still not completed.

Min-max heapability. We have also investigated a new variant of the problem, called min-
max heapability. The difference is that now we use a data structure called min-max heap, such
that elements on even levels (including the root, which is on level zero) are smallest elements
in the respective subtrees, and elements on odd levels are maxima.

We have obtained an optimal partition of a sequence into a smallest-number of min-max-
heapable sequence, provided that each element of the sequence comes with a "sign", that
indicates whether it should go on an odd or even level. Also, given a sequence of signs, the
problem of computing a sequence of elements that is min-max-heapable under these sign
restrictions (if possible) has a simple polynomial-time algorithm.

We have not yet solved, however, what we feel is the most interesting question related to
min-max-heapability: given a permutation σ, is it possible to give a sequence of signs such
that σ is min-max-heapable under sign restriction τ ?

4 EXPLORATORY PROBLEMS IN COMBINATORIAL OPTIMIZATION

4.1 FAÁ DI BRUNO FORMULAS AND GENERATING ALGORITHMS

The results obtained for this problem, detailed in the previous report, have been accepted for
publication in Discrete Applied Mathematics. The paper has appeared online, ahead of print,
and should be soon assigned an issue and page numbers.

4.2 STOCHASTIC STABILITY IN SCHELLING’S SEGREGATION MODEL

We have completed (and published) one paper that deals with the identification of stochasti-
cally stable states in versions of Schelling’s Segregation Model.

Schelling’s segregation model is an asynchronous dynamical system on a graph (usually a
finite portion of the one-dimensional or the two-dimensional lattice). It can be described,
informally as follows: vertices in the graph are in one of three states: unoccupied, when no
agent sits on the given node, or one of red/blue (±1), corresponding to the color of the agent
inhabiting the node. Agents have a (non-strict) preference towards living among agents of the
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same color. This is modeled by considering a local neighborhood around the agent. Depending
on the density of like-colored agents in the neighborhood the agent may be in one of two
states: happy and unhappy. An unhappy agent may seek to trade places with another agent
in order to become happy. It was originally observed via "pen-and-paper simulations”, and
proved rigorously in a variety of settings, that segregated states may arise even when agent
only have a weak preference for its own color, and are happy to live in a mixed neighborhood,
as long as it contains “enough” of its own kind.

Our result extends the analysis of stochastic stability in Schelling’s Segregation Model to
probabilistic (asynchronous) settings more complex than the random scheduler models em-
ployed in previous results. Specifically, we assume there exists a second "influence" network
on the edges of the underlying topology. The influence model we assume is that the scheduled
edge performs a random walk on this (undirected) topology.

Theorem 1. The stochastically stable states for Schelling’s segregation model with Markovian
contagion form a subset of the set Q ⊆ S(G),

Q = {(w,e)|w is maximally segregated and e ∈V ×V } (4.1)

In other words: the conclusion that stochastically stable states in Schelling’s segregation model
are maximally segregated is robust to extending the update model from a random one to a
scheduler that incorporates Markovian contagion.

4.3 RELIABILITY ATTACKS IN COOPERATIVE GAMES

In a paper submitted for publication to the prestigious conference AAMAS we have investigated
the complexity of reliability attacks in cooperative games.

We were concerned with two classes of cooperative games. The first one arose from efforts
to define game-theoretic notions of network centrality [1, 2, 3, 4]. We define these games as
follows:

- Game ΓNC1 is specified by its value function vNC1 (S) = |S ∪δ(S)|.
- Given integer k ≥ 1, game ΓNC2 is specified by its value function vNC2 (S) = |S ∪ {x 6∈

S s.t. |N (x)∩S| ≥ k}|.
- In game ΓNC3 graph G is weighted. We are also given a positive "cutoff distance" dcut .

We give the characteristic function vNC3 by vNC3 (S) = |B(S,dcut )|.
A second class of games, related to the example in [5] is that of influence-attribution games,

formally defined by Karpov [6]. A credit-attribution game is formalized by a set of authors
N = {1, ...,n} and a set of publications P = {P1, ...,Pm}. Each paper P j is naturally endowed
with a set of authors Auth j ⊆ N and a quality score w j ∈R+. In real-life scenarios the quality
measure could be 1 (i.e. we simply count papers), a score based on the ranking of the venue
the paper was published in , the number of its citations, or even some iterative, PageRank-like
variant of the above measures.
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Figure 4.1: Shape of utility functions in fractional attacks.

- The full credit game ΓFC is specified by its value function vFC (S) which is simply the
sum of weights of papers whose authors’ list contains at least one member from S.

- The full obligation game ΓFO is specified by its value function vFO(S) which is the sum
of weights of papers whose authors are all members of S.

Specifically we consider the following two attack models:

(1). fractional attack: In this type of attack every node j different from the attacked node x
has a baseline reliability p∗

j ∈ (0,1]. We are allowed to manipulate the reliability of each
such node j 6= x by changing it from p∗

j to an arbitrary value p. To do so we will incur,
however, a cost u j (p). We assume that cost function u j (·) is defined and has an unique
zero1 at p = p∗

j , is decreasing and linear on [0, p∗
j ] and increasing and linear on [p∗

j ,1]
(Figure 4.1). That is: for every player j 6= x there exist values L j ,R j > 0 such that

u j (p) =


L j (p∗

j −p), if p < p∗
j ,

0, if p = p∗
i ,

R j (p −p∗
j ), if p > p∗

j .

(2). removal attack: In this type of attack we are only allowed to change the reliability of any
node j (different from the targeted node x) from p∗

j to 0. To do so will incur a cost c j .

Theorem 2. The Shapley values of the reliability extensions of network centrality gamesΓNC1 ,ΓNC2 ,ΓNC3

have the formulas:

Sh[vNC1 ](x) = px

∑
y∈�N (x)

S⊆�N (y)\x

1

|S|+1
ΠS, �N (y)\x

1there is no cost for keeping the baseline reliability.
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Sh[vNC2 ](x) = px [
∑

y∈N (x)

∑
S⊆�N (y)\x

|S|≥k−1

(|S|+1−k)

|S|(|S|+1)
ΠS, �N (y)\x +

∑
S⊆N (x)

k

|S|+1
ΠS,N (x)]

Sh[vNC3 ](x) = px

∑
y∈N̂ (x)

S⊆áNcut (y)\x

1

|S|+1
ΠS,áNcut (y)\x

As for credit atribution games, the corresponding result is

Theorem 3. The Shapley values of the reliability extensions of ΓFC ,ΓFO with probabilities
(p1, p2, . . . , pn) have the formulas

Sh[vFC ](x) = px ·
∑

k∈Papx

wk ·
[ ∑

S⊆Authk \{x}

Π;,S

(nk −|S|)(nk
|S|

)]
(4.2)

where Authk is the set of coauthors of paper k and nk = |Authk |, and

Sh[vFO](x) = ∑
k∈Papx

wk

nk
·ΠAuthk ,Authk (4.3)

Corollary 1. In the reliability extensions of the centrality games ΓNC1 ,ΓNC2 ,ΓNC3 , the Shapley
values of player 1 are monotonically decreasing functions of distance-two neighbors’ reliabilities
(and do not depend on other players).

The previous corollary shows that for network centrality games no removal attack is benefi-
cial:

Theorem 4. No removal attack on the centrality of a player in games ΓNC1 ,ΓNC2 ,ΓNC3 can
decrease its Shapley value.

Fractional attacks on specific networks Given that removal attacks are not beneficial, we
now turn to fractional attacks. The objective of this section is to show that the analysis of
optimal fractional attacks is often feasible. Since the graphs in this section are fairly symmetric,
we will assume (for these examples) that the slopes of all utility curves are identical. That is,
there exist positive constants L,R such that if i 6= j are different agents then Li = L j = L and
Ri = R j = R (though, of course, baseline probabilities p∗

i and p∗
j may differ). The graphs we

are going to be concerned with are the complete graph Kn , the star graph Sn (where node 1 is
either the center or an outer node) and the n-cycle Cn (Figure 4.2).

Theorem 5. Let G be either the complete graph Kn with n vertices. or the star graph with
n vertices Sn centered at node x = 1. To optimally attack the centrality of x in the reliability
extension of ΓNC1 use the following algorithm:
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Figure 4.2: Target topologies for fractional attacks.

- Consider nodes 2, . . . ,n in the decreasing order of their baseline reliabilities, breaking
ties arbitrarily. p∗

sor ted(2) ≥ p∗
sor ted(3) ≥ . . . ≥ p∗

sor ted(n).

- While the budget allows it, increase to one (if not already equal to 1) the probabilities
psor ted(i ), starting with i = 2 and successively increasing i .

- If the budget no longer allows increasing psor ted(i ) to one, increase it as much as
possible.

- Leave all other probabilities to their baseline values.

If, on the other hand, G = Sn centered, say, at node 2, to optimally attack the centrality of node
x = 1, the algorithm changes as follows:

- Consider nodes 2, . . . ,n in the following order: node 2, followed by nodes 3, . . . ,n sorted
in decreasing order of their baseline reliabilities p∗

sor ted(3) ≥ . . . ≥ p∗
sor ted(n), breaking

ties arbitrarily. Denote the new order by Q.

- Follow the previous greedy protocol, increasing baseline probabilities up to one (if
allowed by the budget) according to the new ordering Q.

Similar statements hold for game ΓNC2 , and for ΓNC3 for large enough values of parameter
dcut .

In the previous examples the optimal attack involved a determined node targeting order,
which privileged direct neighbors and could depend on baseline reliabilities but was indepen-
dent of the value of the budget. None of this holds in general: as the next result shows, on
graph Cn the optimum can be computed by taking the best of four node targeting orders. The
optimum may lack the two previously discussed properties of optimal orders:

- in optimal attacks one should sometimes target a distance-two neighbor (3 or n-1) before
targeting both of x = 1’s neighbors (2 and n, see Figure 4.2).
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- the order (among the four) that characterizes the optimum may depend on the budget
value B as well. Formally:

Theorem 6. Let P,Q,R,S be the vectors [2,n,n −1,3], [2,n −1,n,3], [n,3,2,n −1], [n,2,3,n −1],
respectively. Let SolP ,SolQ ,SolR , SolS be the configurations obtained by increasing in turn (as
much as possible, subject to the budget B) the reliabilities of nodes 2,3,n −1,n in the order(s)
specified by P,Q,R,S, respectively. Then

a. The best of SolP ,SolQ ,SolR ,SolS is an optimal attack on the centrality of x = 1 in game
ΓNC1 on the cycle graph Cn .

b. There exist values of p∗
2 , p∗

3 , p∗
n−1, p∗

n s.t. SolP is optimal for all values of B (by symmetry
a similar statement holds for SolS).

c. There exist values of p∗
2 , p∗

3 , p∗
n−1, p∗

n and an nonempty open interval I for the budget B
such that SolQ is an optimum for all B ∈ I (by symmetry a similar statement holds for
SolR ).

5 LOG-SUBMODULAR MEASURES AND q-ANALOGS OF THE

AHLSWEDE-DAYKIN AND FKG INEQUALITIES

Motivated by our attendance of the Building Bridges II conference and the interaction with sci-
entists such as Gil Kalai and Anders Bjorner, we have studied a problem where log-submodularity
plays an important roles: that of obtaining q-analogues of results such as the n-function (gen-
eralization of Ahlswede-Daykin) and FKG inequalities. This is a class of results in classical
combinatorics that has seen a significant amount of work. In particular, both mentioned
scientists have obtained results in this area.

Our preliminary results indicate that it may be possible to extend the result of Bjorner to a
more general, n-function framework. While our research on this problem is not completed (as
we ultimately intend to tackle q-generalizations of inequalities due to Kalai and Talagrand),
we appreciate ourpreliminary results as encouraging.

6 LEARNING WITH APPLICATIONS TO SATELLITE DATA

In a paper submitted to ISPRS Journal of Photogrammetry and Remote Sensing we have
investigated several network topologies and provided a detailed analysis of their performance
for semantic image segmentation in satellite data. Several methods were been applied to
increase the accuracy of prediction when using deep learning such as ensembling, alternating
between optimisers during training and using pretrained weights to bootstrap new models.
These methods although effective, are not indicative of single model performance. In the
submitted paper we presented different topology variations of some of the state of the art
topologies, and studied how these variations effect both training convergence and out of
sample, single model, performance.
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7 COMPLEXITY OF SEARCH AND PROPOSITIONAL PROOFS

We have mentioned this direction of research in the 2017 annual report. While making some
progress compared to last year, we have still not managed to bring our results in this direction
to a publishable format. We believe, though, this is a realistic target for the next year of the
project.

On the other hand, motivated by results published in the literature during the year 2018, we
have attempted investigate related problems:

- An investigation of the Kneser-Lovász theorem in some newer proof systems, such as
Buss et. al.’s MAX-SAT with the dual rail encoding.

- A similar problem for the system of Marques-Silva (from SAT’2017) that is able to practi-
cally solve PHP.

We intend to have a paper ready for the February 2019 cycle of conference deadlines, target-
ing a conference such as SAT or CADE.

8 SCIENTIFIC COOPERATION AND DISSEMINATION

While the budget reduction has forced us to reschedule some of the activities (including trips)
to later periods, we have managed to disseminate our work in several conferences.

These include MCU’2018 (Fontainebleau) and ACRI’2018 (Como), where the two papers
were published in the proceedings. The presentation allowed us to network with scientists
such as Enrico Formenti (Nice), Maximilen Gadouleau (Durham), Henning Fernau (Trier),
Jerome Durand-Lose (Orleans), Alberto Dennunzio (Milano), etc.

The third conference we have participated to is the Building Bridges II conference that took
place in Budapest in July 2018, where the P.I. was present with a poster. The justification
for this latter choice was the cost effectiveness of this conference: attending it was relatively
cheap (as it took place in Budapest, which is located within driving distance from Timişoara).
Moreover, the conference had a stellar lineup of (world famous) invited mathematicians and
theoretical computer scientists, including Terrence Tao (Fields Medalist in Mathematics),
Laszlo Lovász, Noga Alon, Gil Kalai, Persi Diaconis, Ander Bjorner, Bela Bollobás, Jennifer
Chayes, Joel Spencer, Nati Linial, Aleander Razborov, etc. In particular Persi Diaconis is one
of the leading experts on the Ulam-Hammersley problem. Bringing our "heapability" results
to his attention resulted in very positive feedback. Equally good were the discussions with
Anders Bjorner (Stockholm) and Alexander Razborov (Chicago) on the proof complexity of
Kneser-like principles in combinatorial topology.

Besides the directly relevant discussions, we have had very good interactions with scientists
such as Janós Makowsky (Technion), Gyorgy Turan (Chicago), Gil Kalai (Hebrew University),
Ira Gessel (Brandeis),
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9 PERIOADA URMÃTOARE

The main priority is the completion and submission for publication of the reported work in
progress, and the writing of a series of papers to be submitted to conference proceedings with
deadlines in 2019. The experience of the previous year (when we had two such publications
realized/submitted/accepted) brings hope that we can realize a similar objective this year as
well.

10 APPENDIX

10.1 PUBLISHED PAPERS

[1 ] The language (and series) of Hammersley-type processes. Cosmin Bonchiş, Gabriel
Istrate, Vlad Rochian. Proceedings of the 8th Conference on Machines, Computations
and Universality (MCU’2018), June 28-30, 2018, Fontainebleau, France, Lecture Notes in
Computer Science, vol 10881, pp. 69-87, Springer Verlag, 2018.

[2 ] Gabriel Istrate. Stochastic Stability in Schelling’s Segregation model with Markovian
asynchronous update. Proceedings of ACRI 2018. September 17-21, Como, Italy. Lecture
Notes in Computer Science, vol. 11115, pp. 416-427, Springer.

[3 ] Flavius Turcu, Cosmin Bonchiş, Mohamed Najim. Vector partitions, multi-dimensional
Faá di Bruno formulae and generating algorithms. Discrete Applied Mathematics, (in
print, available online on the journal website).

10.2 COMPLETED (AND SUBMITTED) PAPERS

[4 ] Janos Balogh, Cosmin Bonchiş, Diana Diniş, Gabriel Istrate, Ioan Todinca, On the
heapability of finite partial orders. Submitted to Discrete Mathematics and Theoretical
Computer Science.

[5 ] Gabriel Istrate, Cosmin Bonchiş, Alin Brînduşescu. Attacking power indices by Manip-
ulating Player Reliability. Submitted to AAMAS 2019.

[6 ] Teodora Selea et al. A study of deep learning model performance for remote sens-
ing image segmentation. Submitted to ISPRS Journal of Photogrammetry and Remote
Sensing.
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