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1 INTRODUCTION: PROJECT OBJECTIVES AND

ASSESSMENT

In the original proposal we did not set up precise quantitative objectives, in the form of "we promise
to publish X papers in such-and-such venues". Such promises tend to be frivolous, and tend to lead
to safe, incremental research, rather than "ideas" and conceptually oriented work.

Instead, in the original proposal we set up:

- " [...] to contribute to the development and application of timely, sophisticated techniques
for improving the analysis of problems in Combinatorial Optimization and Computational
Complexity. [...]" (original proposal, section D2.)

- " [... ] to work on timely problems that significantly impact theoretical computer science,
and make scientific progress that is competitive at the world level. A concurrent aim [...] to
bring to Romanian research in Theoretical Computer Science a host of problems, approaches
and techniques that are synchronized with current top research in the area, and increase
the visibility of Romanian research in top venues in Theoretical Computer Science." (original
proposal, Section D2).

- "[...] to work on timely problems that significantly impact theoretical computer science, and
make scientific progress that is competitive at the world level." (original proposal, Section D3).

Although many of the results we have produced are still under review, we believe that we
have substantially achieved the stated objectives: We have published a paper in a conference
(AAMAS’2019) ranked A*, arguably the best worldwide forum for research on multi-agent sys-
tems, and one of the best for game-theoretic results in the context of Artificial Intelligence. Our
paper, presented at AAMAS’2019 in Montreal, Canada, was chosen for full-form publication from
approximately 900 papers submitted from all-over the world.

Another submission to an even more competitive/similarly ranked conference (AAAI’20) is
currently under review. Yet another paper is planned for submission to the 2020’th edition of
AAMAS (deadline mid-November 2019), and a fourth one to yet another A*-ranked conference,
LICS’2020 (deadline is in early January 2020.)

Overall:

- We have proved approximately 50 new theorems.

- We have developed/analyzed at least 10 new algorithms.

- Some of our work has seen practical applications, while other represent conceptual ad-
vances.

- Not in the least, we have studied a variety of problems and developed methods that are
state-of-the-art in the scientific literature. Many problems and techniques we employed are
unique within the Romanian scientific community.

We have undertaken joint research with eminent foreign-based scientists from venues such
as Bordeaux and Orléans (France) and Purdue University and University of Illinois at Urbana
Champaign (U.S.A.) and submitted joint papers.

3



In the case of collaboration with U.S. based scientists, the conference (ranked A) we submitted
our paper to, Innovations on Theoretical Computer Science, has been previously held at lead-
ing American (and world) universities such as University of California San Diego (2019), M.I.T.
(2018,2016), Berkeley (2017), and takes place next January at University of Washington.

Based on the work in the project we have recently received
an invitation to visit and give a talk about our work from Tomasz Michalak, a researcher for-
merly at Oxford University, now at the University of Warsaw. This invitation will be accepted, with
the visit probably taking place in 2020.

Finally, let us emphasize the following fact: As detailed below, a great deal of the results we
obtained concern topics highlighted in the original proposal: heapability, proof complexity, inter-
acting particle systems, approximation algorithms, and the more general areas of combinatorial
optimization and computational complexity.
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2 SUMMARY OF RESULTS: PUBLICATIONS, PAPERS

UNDER SUBMISSION, MANUSCRIPTS

Published papers. Five of our publications have appeared so far. They are listed in Figure 2.1. All of
them include the acknowledgment to the proposal. The members of the project are bolded in the list
of authors. We have provided hyperlinks to the papers.

1. G. Istrate, C. Bonchiş, V. Rochian The language (and series) of Hammersley-type pro-
cesses. Proceedings of the 8th Conference on Machines, Computations and Universality
(MCU’2018), June 28-30, 2018, Fontainebleau, France, Lecture Notes in Computer Science,
vol 10881, pp. 69-87, Springer Verlag.

2. F. Turcu C. Bonchiş, M. Najim. Vector partitions, multi-dimensional Faá di Bruno formulae
and generating algorithms. Discrete Applied Mathematics, Elsevier. (in press, corrected
proof).

3. G. Istrate Stochastic Stability in Schelling’s Segregation model with Markovian asynchronous
update. Proceedings of ACRI 2018. September 17-21, Como, Italy. Lecture Notes in Com-
puter Science, vol. 11115, pp. 416-427, Springer.

4. G. Istrate, C. Bonchiş A.Brândus, escu. Attacking Power Indices by Manipulating Player
Reliability. Proceedings of the 18th International Conference on Autonomous Agents and
Multiagent Systems (AAMAS 2019), Pages 538-546. ACM Press

5. G. Şurlea, A. Crãciun. Grőbner bases with Reduction Machines, Proceedings of the Third
Workshop on Working Formal Methods (FROM 2019), Electronic Proceedings in Theoretical
Computer Science 303, pp. 61-75, 2019.

Figure 2.0.1: Published papers.

The figure above includes only one journal publication. This is explained by the much slower
response time of many journals in Theoretical Computer Science. For instance, publication [2],
although accepted and having appeared online ahead of print, has not yet been assigned, almost a
year after its acceptance, to a specific journal issue by the publisher. Also, manuscript [8] from the
list below, submitted to the journal Discrete Mathematics and Theoretical Computer Science has only
received the first referee report after 15 months from its original submission date.

In order to be able to report progress measurable by publications, and in accordance with the
mainstream practice in theoretical computer science, we have submitted many of our papers for
publication in conference proceedings. Several papers were submitted to journals (e.g. [8],[9],[10]
from the list below). They are currently under review, and we expect a positive answer for most of
them. Also, some of the conference papers (e.g. [5]) have been invited to submit an extended form for
publication in a journal (Fundamenta Informaticae for [5]).

Papers currently under review. The list of papers that were completed and are currently under
review at journals or conferences is given in Figure 2.2. Three of them may still receive
an answer before the end of the project, December 2019:
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- We expect answers from two (conference) papers in just in a couple of weeks, specifically on
October 31, 2019 for paper [7] and on November 10, 2019 for paper [6].

- Paper [8] has already received a referee report that suggests that the paper could be accepted, but
requests making a sequence of changes. With the resubmitted version, we expect a positive
answer by the end of the year.

We have included hyperlinks to most of the papers with the status "under submission". They
were made public as technical reports on the preprint server arxiv.org. For the remaining paper (where
not all the authors agreed to make available online before publication) we can provide a manuscript on
request.

6. G. Istrate, C. Bonchiş, C. Gatina. It’s not whom you know, it’s what your friends can do:
Succint Coalitional Frameworks for Network Centralities. Submitted to AAAI ’2020.

7. K. Chandrasekaran, E. Grigorescu, G. Istrate,Y.S. Lin, S. Kulkarni, M. Zhou. The Maximum
Binary Tree Problem. Submitted to the 11th Conference on Innovations in Computer Science
Conference (ITCS’20).

8. J. Balogh, C. Bonchiş, D. Diniş, G. Istrate, I. Todinca. On the heapability of finite partial
orders. Under review at Discrete Mathematics and Theoretical Computer Science.

9. G. Istrate, C. Bonchiş, M. Marin. Interactive Particle Systems, Drift Analysis and the WalkSAT
algorithm. Under review at Random Structures and Algorithms.

10. T. Selea, M. Neagul, G. Iuhasz. A study of deep learning model performance for SpaceNet
Urban3D image segmentation. Submitted for journal publication at Computer Vision and
Image Understanding.

11. V. Bogdan, C. Bonchiş, C. Orhei. Custom defined Sobel Filters, submitted to the VISI-
GRAPP’2020 conference.

Figure 2.0.2: Papers currently under review.

Papers nearing completion. We have also a number of papers that are in an advanced stage, and
should be submitted by the end of the project/year 2019. They are listed in Figure 2.3.

Other work. There are a number of research problems, some of them quite important ones, we have
started working on during this grant. We expect at least two more papers to come out of this, we will
discuss these ideas in Section 4.
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12. G. Istrate, C. Bonchiş, C. Gatina With a little help from my friends: A game-theoretic measure
of helping Centrality based on the Banzhaf value. To be submitted at a journal, possibly
PLOS One.

13. C. Bonchiş, D. Diniş, G. Istrate. The Ulam-Hammersley problem for heapable sequences. To
be submitted to Experimental Mathematics.

14. G. Istrate, A. Crãciun Proof complexity of combinatorial principles: the role of kerneliza-
tion.To be submitted to LICS’2020, deadline January’20.

15. G. Istrate, C. Bonchiş Diffusion Mechanism design with threshold contagion. To be submit-
ted at AAMAS’20, deadline in November 2019.

Figure 2.0.3: Papers nearing completion (to be submitted by the end of 2019).
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3 AN OVERVIEW OF THE SCIENTIFIC RESULTS OF THE

PROJECT.

In this section we discuss in some detail the scientific findings. Our presentation of the results,
spanning the corresponding papers [1-15] is necessarily incomplete. We only intended to provide
an overall image of the level of effort and scientific accomplishments of the project, and direct
the reader of this report to the appropriate papers for more precise details.

3.1 HEAPABILITY OF INTEGER SEQUENCES

3.1.1 FORMAL LANGUAGES AND POWER SERIES ASSOCIATED TO THE HAMMERSLEY PROCESS

The Hammersley process with k lives is related to the analysis of heapability, therefore an understand-
ing of this process could conceivably contribute to obtaining a proof of the golden-ratio conjecture
[IB15].

In [1] we have undertaken a study of this process using tools from formal language theory. Our main
result completely characterizes the so-called Hammersley language of order k in terms of so-called
dominant strings (see [1]):

Theorem 1. For every k ≥ 1, Lk
H = {w ∈Σ∗

k | w is k-dominant.}.

Corollary 1. Language L1
H is regular. For k ≥ 2 languages Lk

H are deterministic one-counter languages
but not regular.

We have also studied similar questions for two formal languages, denoted by Lk,eff
H ,I N T and Lk

H ,I N T ,
respectively, associated to the so-called interval Hammersley process. The effective language of the
Interval Hammersley process coincides with that of the "ordinary" Hammersley process. Indeed, we
have:

Theorem 2. For every k ≥ 1, L
k,eff
H ,I N T = Lk

H = {w ∈Σ∗
k | w is k-dominant.}.

The previous result contrasts with the theorem about the other version of the interval Hammersley
process:

Theorem 3. For k ≥ 1 the language Lk
H ,I N T is not context-free.

In fact we can give a complete characterization of Lk
H ,I N T similar in spirit to the one given for

language Lk
H in Theorem 1:

Theorem 4. Given k ≥ 1, the language Lk
H ,I N T is the set of words w over alphabet Σk ∪ {¦} that satisfy

the following conditions:

1. |w |¦ = |w |/2. In particular |w | must be even.

2. For every prefix p of w, (a). |p|¦ ≤ |p|/2 and (b). s(p)+ (k +1)|p|¦ ≥ k|p|.

We also gave a simple algorithm (based on dynamic programming) for computing the coefficients
of the Hammersley power series Fk , whose coefficient on a given word w is simply the multiplicity of
word w in the Hammersley process with k lifelines.
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Input: k ≥ 1, w ∈Σ∗
k

Output: Fk (w)

S := 0. w = w1w2 . . . wn

if w 6∈ Lk
H

return 0

if w == ‘k‘

return 1

for i in 1:n-1

if wi == k and wi+1 6= k

let r = mi n{l ≥ 1 : wi+l 6= 0 or i + l = n +1}

for j in 1:r-1

let z = w1 . . . wi−1wi+1 . . . wi+ j−11wi+ j+1 . . . wi+r . . . wn

S := S +ComputeMul ti pl i ci t y(k, z)

if i + r 6= n +1 and wi+r 6= k

let z = w1 . . . wi−1wi+1 . . . wi+r−1(wi+r +1)wi+r+1 . . . wn

S := S +ComputeMul ti pl i ci t y(k, z)

if wn == k

let Z = w1 . . . . . . wn−1

S := S +ComputeMul ti pl i ci t y(k, z)

return S

Figure 3.1.1: Algorithm ComputeMultiplicity(k,w)

Theorem 5. Algorithm ComputeMultiplicity correctly computes series Fk .

Another way to study the Hammersley process is via so-called increments. In Figure 3.1.2. we plot
the exact probability distribution of the number of increments (from which we subtract one, to make
the distribution start from zero) for k = 2 and several small values of n. They were computed exactly by
employing Algorithm 3.1.1 to exactly compute the probability of each string w , and then computing
#i nc2(w). We performed this computation for 2 ≤ n ≤ 13. The corresponding expected values are
tabulated (for all values n = 2, . . . ,10) in Figure 3.1.3.

Unfortunately, as it turns out, the ability to exactly compute (for small values of n) the distribution
of increments does not give an accurate estimate of the asymptotic behavior of this distribution, as
the convergence seems rather slow, and not at all captured by these small values of n. Indeed, to
explore the distribution of increments for large values of n, as exact computation is no longer possible,
we instead resorted to sampling from the distribution, by generating 10000 independent random
trajectories of length n from process H AD2, and then computing the distribution of increments of the
sampled outcome strings. The outcome is presented (for n = 100,100000,1000000, together with some
of the cases of the exact distribution) in Figure 3.1.2. The distribution of increments seems to converge

(as n →∞) to a geometric distribution with parameter p =
p

5−1
2 ∼ 0.618 · · · . That is, we predict that

for all i ≥ 1, limn→∞ Pr|w |=n[#i nc2(w) = i ] = p · (1−p)i−1. The fit between the (sampled) estimates
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Figure 3.1.2: Probability distribution of increments, for k = 2, and n = 5,9,13,1000000.

n 2 3 4 5 6 7
E [#i nc2] 1.0 1.166 1.208 1.250 1.281 1.307

n 8 9 10 100 100000 1 mil
E [#i nc2] 1.329 1.347 1.363 1.520 1.575 1.580

Figure 3.1.3: The mean values of the distributions of increments.

for n = 1000000 and the predicted limit distribution is quite good: every coefficient differs from its
predicted value by no more than 0.003, with the exception of the fourth coefficient, whose difference
is 0.007. Because of the formula for computing averages, these small differences have, though, a
cumulative effect in the discrepancy for the average E [#i nc2(w)] for n = 10000000 accounting for the
0.03 difference between the sampled value and the predicted limit: in fact most of the difference is
due to the fourth coefficient, as 4×0.007 = 0.028.

Conclusion 1. The increment data supports the golden-ratio conjecture λ2 = 1+p = 1+p5
2 .

3.1.2 HEAPABILITY OF PARTIAL ORDERS; CONNECTIONS WITH DILWORTH’S THEOREM

In paper [8] we extended the study of heapability from integers to general partial orders. Our main
result gives a formula for the k-width of a finite poset that is strongly related to the proof of Dilworth’s
theorem (see [8] for further explanations):

Theorem 6. Let Q = (U ,≤) be a finite poset with n elements and a fixed integer k ≥ 1. Then

k-wd(Q) = n −vc(GQ,k ). (3.1.1)

10



We also gave an algorithm based on network flows for computing the parameter k-wd(Q).
For random permutations a greedy approach, extending the well-known patience sorting algorithm

[Mal63] worked, as it was shown in [IB15]. On the other hand network flow algorithms are not naturally
greedy. One could ask whether the result in [IB15] is specific to permutation orders, or such greedy
algorithms exist for other partial orders as well. We provided an affirmative answer in [8] to this
question, for the important special case of interval sequences:

Theorem 7. For every fixed k ≥ 1 there exists a (polynomial time) greedy algorithm that, given the
sequence of intervals S = (I1, I2, ..., In) as input, computes a minimal partition of S into k-ary chains.

Input: A sequence of intervals I = (I1, I2, . . . , In).
Output: A partition H of I into k-ary chains.

for i := 1 to n do:

if Ii = [li ,ri ] can be inserted into some empty slot

then insert Ii in the highest-valued compatible slot (a child
of the node with this slot).

else create a new k-chain rooted at Ii

Figure 3.1.4: The greedy best-fit algorithm for k-ary chain partition of sequences of intervals.

Theorem 7 dealt with sequences of intervals. On the other hand a set of intervals does not come
with any particular listing order on the constituent intervals. Nevertheless, the problem can be easily
reduced to the sequence case by the following:

Theorem 8. Let k ≥ 1 and Q be a set of intervals. Then the k-width of Q is equal to the k-width of GrQ ,
the sequence of intervals obtained by listing the intervals in the increasing order of their right endpoints
(with earlier starting intervals being preferred in the case of ties).

The theorem in the previous section is strongly reminiscent of the fact that for interval partial orders
a greedy best-fit algorithm computes the chromatic number [Ola91]. This result has an extension
to an even more general class of graphs, that of trapezoid graphs [DGP88]. Trapezoid graphs are an

Input: A set of intervals I .
Output: A partition H of I into k-ary chains.
Sort the intervals w.r.t. v: I = (I1, . . . , In).
For i := 1 to n do:

If Ii = [ai ,bi ] can be inserted into some empty slot

then insert Ii in the highest-valued compatible slot.

else create a new k-chain rooted at Ii

Figure 3.1.5: The greedy algorithm for sets of intervals.
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extension of both interval and permutation graphs that unify many natural algorithms (for problems
such as maximum independent set, coloring) for the two classes of graphs.

we give an algorithm that generalizes the sweep-line coloring algorithm for trapezoid graphs from
[DGP88] to the partition into k-ary chains of a particular class of sequences of boxes.

Theorem 9. Let B = (B1,B2, . . . ,Bn) be a set of two-dimensional axis-parallel boxes, totally ordered
by the x-coordinates of their right endpoints. Then the greedy sweep-line algorithm in Figure 3.1.6
computes an optimal partition of sequence B into k-ary chains.

Input: A sequence of boxes B = (B1,B2, . . . ,Bn).
Output: A partition H of B into k-ary chains.

let P = {(p1, p2)|(p1, p2) = lBi or(p1, p2) = uBi , i ∈ 1...n}

initialize S = {d}, where d is a real number smaller than all

the y coordinates of points p ∈P , marked available

foreach p ∈P sorted increasingly by the second coordinate do:

q ← first available slot below p2 in S

if p = l (v) for some v ∈B then

if q = u(w)2 for some w ∈B then

insert v in the k-ary chain of w as a child of this node

remove q from S

add k copies of p2 to S, marking them unavailable

else // (q == d)

start a new k-ary chain rooted at v

add k copies of p2 to S, marking them unavailable

if p = u(v) for some v ∈B then

mark all slots with value p2 in S as available

return the set of k-ary chains constructed by the algorithm.

Figure 3.1.6: The greedy sweep-line algorithm for x-sorted trapezoid sequences.

Theorem 10. Let B = (B1,B2, . . . ,Bn) be a set of two-dimensional axis-parallel boxes, totally ordered
by the x-coordinates of their right endpoints. Then the greedy sweep-line algorithm in Figure 3.1.6
computes an optimal partition of sequence B into k-ary chains.

Finally, we were unable to solve the open problem from [BHMZ11] on the complexity of computing
a maximum heapable subsequence. Instead, we settled this problem for a different subclass of partial
orders, the class of interval orders:

Theorem 11. Given a set of intervals I , the best-fit algorithm in Figure 3.1.7 computes a largest k-
heapable subset of intervals of the set I .
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Input: A set of intervals I .
Output: A k-ary chain J ⊆ I of maximum cardinality.

Sort the intervals w.r.t. v: SI = (I1, . . . , In).
Let J =;.
For i := 1 to n do:

If Ii = [li ,ri ] can be inserted into some empty slot

then

J = J ∪ {i }.

insert Ii in the highest-valued compatible slot.

Figure 3.1.7: The greedy best-fit algorithm for sets of intervals.

3.1.3 EXPERIMENTAL RESULTS ON HEAPABILITY

In paper-in-progress [13] we are experimentally investigating the precise value of the scaling constant
λk which characterizes k-heapability of random permutations, pentru k ≥ 2. We intend to submit our
results to the journal Experimental Mathematics.

The basis of our experiments is the study of the Hammersley process with k lifelines, for k ≥ 2.
The state of this process at a certain moment n can be described by a word of length n over the
alphabet Σk = {0,1, . . . ,k}. When n →∞, a "typical" such word will have approximately c0n 0 digits,
approximately c1n 1 digits, . . ., approximately ck n k digits, for some constants c0, . . . ,ck > 0.

The values of constants c0, . . . ,ck can be predicted using nonrigorous arguments, of the "mean-field"
type employed by physicists. The experiments we made confirm remarkably well these theoretical
predictions. For instance, in the case k = 2 the predictions indicate

c0 = c2 = 3−p
5

2
∼ 0.381,c1 =

p
5−2 ∼ 0.236.

Fig. 3.1.8 (which contains estimates of these constants for k = 2,3, . . .) confirms these predictions.
Based on these computations we conjecture that λk is the smallest root in the interval (1,2) of the

equation(s)
xk · (2−x) = 1.

3.2 THE MAXIMUM BINARY TREE PROBLEM

In [7] we introduced and studied the maximum binary tree problem in directed and undirected graphs.
In the maximum binary tree problem (MBT), we are given an input graph G and the informal goal is to
find a binary tree in G with maximum number of vertices.

Our first motivation for studying MBT was that we can view it as a natural generalization of the
longest path problem: In the longest path problem, the goal is to find a maximum-sized tree in which
every vertex has degree at most 2. In MBT, the goal is to find a maximum-sized tree in which every
vertex has degree at most 3.
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Figure 3.1.8: Values of coefficients c0, . . . ,ck pentru k = 2,3, . . .

Our second motivation for studying MBT was its connection to the longest heapable subsequence
problem introduced by Byers, Heeringa, Mitzenmacher, and Zervas [BHMZ11]. Let σ= (σ1,σ2, . . . ,σn)
be a permutation on n elements. Byers et al. define a subsequence (not necessarily contiguous) ofσ to
be heapable if the elements of the subsequence can be sequentially inserted to form a binary min-heap
data structure such that insertions subsequent to the first element, which takes the root position,
happen below previously placed elements. The longest heapable subsequence problem asks for a
maximum length heapable subsequence of a given sequence. This generalizes the well-known longest
increasing subsequence problem. Porfilio [Por15] showed that the longest heapable subsequence
problem is equivalent to MBT in permutation directed acyclic graphs (abbreviated permutation DAGs):
a permutation DAG associated with the sequence σ is obtained by introducing a vertex ui for every
sequence elementσi , and arcs (ui ,u j ) for every pair (i , j ) such that i > j andσi ≥σ j . This equivalence
motivates the study of MBT in restricted graph families.

INAPPROXIMABILITY RESULTS FOR DIRECTED GRAPHS. The longest path problem can alternatively
be phrased as a maximum-sized in-degree-constrained connected branching1 problem where the
in-degree bound is one. With this perspective, DIRMAXBINARYTREE is the maximum-sized in-degree-
constrained connected branching problem where the in-degree bound is two. It is well-known that the
longest path problem in DAGs is solvable in polynomial-time. In contrast, our next result (Theorem
12) shows that DAGMAXBINARYTREE does not even admit a constant-factor approximation. Further-
more, if DAGMAXBINARYTREE admitted a polynomial-time exp

(−O
(
logn/loglogn

))
-approximation

algorithm then the Exponential Time Hypothesis would be violated.

Theorem 12. We have the following results:

1. DAGMAXBINARYTREE does not admit a polynomial-time constant-factor approximation assum-
ing P 6= NP.

2. If DAGMAXBINARYTREE admits a polynomial-time exp
(−O

(
logn/loglogn

))
-approximation,

then NP ⊆ DTIME
(
exp

(
O

(p
n

)))
, refuting the Exponential Time Hypothesis.

3. For any ε > 0, if DAGMAXBINARYTREE admits a quasi-polynomial time exp
(−O

(
log1−εn

))
-

approximation, then NP ⊆ DTIME
(
exp

(
logO(1/ε) n

))
, thus refuting the Exponential Time Hypoth-

esis.

1Given a directed graph G , a branching B is a subgraph of G that contains no undirected cycle and every vertex has at most
one arc leaving it in B .
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LP-BASED APPROACH. The longest path problem in DAGs can be solved using a linear program (LP)
based on cut constraints. Based on this connection, an integer program (IP) based on cut constraints
can be written for DAGMAXBINARYTREE. We show in [7] that the LP-relaxation of this cut-constraints-
based-IP has an integrality gap ofΩ(n1/3) in DAGs.

INAPPROXIMABILITY RESULTS FOR UNDIRECTED GRAPHS. Next, we turn to undirected graphs. We
show that UNDIRMAXBINARYTREE does not have a constant-factor approximation and does not admit
a quasi-polynomial-time exp(−O(log0.63 n))-approximation under the Exponential Time Hypothesis.

Theorem 13. We have the following results:

1. UNDIRMAXBINARYTREE does not admit a polynomial-time constant-factor approximation as-
suming P 6= NP.

2. For any ε> 0, if UNDIRMAXBINARYTREE admits a quasi-polynomial time exp
(−O

(
logc−εn

))
-

approximation, then NP ⊆ DTIME
(
exp

(
logO(1/ε) n

))
, thus refuting the Exponential Time Hypoth-

esis. Here c = log3 2 > 0.63.

EFFICIENT ALGORITHMS FOR SPECIAL FAMILIES. Motivated by its connection to the max heapable
subsequence problem, we study MBT in bipartite permutation graphs. A bipartite permutation graph
is a permutation graph which is also bipartite. We show that bipartite permutation graphs admit an
efficient algorithm for MBT.

Theorem 14. There exists a polynomial-time algorithm to solve UNDIRMAXBINARYTREE in bipartite
permutation graphs.

Finally, we show an efficient algorithm for finding a maximum binary tree in bounded treewidth
graphs.

Theorem 15. There exists a linear-time algorithm to solve UNDIRMAXBINARYTREE in graphs with
constant treewidth.

3.3 FAÁ DI BRUNO FORMULAS AND GENERATING ALGORITHMS

Many problems and numerical applications require expressing the composition h = g ◦ f of two power
series f and g as a power series and computing its coefficients from the coefficients of f and g . When
Taylor series are involved, an alternative formulation regards the computation of nth order derivatives
of g ◦ f from the derivatives of f and g up to the order n.

Identifying coefficients in a composition of power series is basically a combinatorial approach
to rearrange and group terms arising in multinomial expansions. This rearrangement is naturally
connected to the set of the partitions of an integer n, i.e. all the distinct possibilities of writing n as a
sum of positive integers, the order of the terms left aside. Formally a partition of n can be regarded
as a function π :N∗ →N satisfying

∑
j∈N∗ jπ( j ) = n, each value π( j ) indicating how many times the

number j appears in the partition. We will denote by |π| = ∑
j π( j ) the cardinal of the partition π,

representing the number of terms in the sum. We will also use the notation π! =∏
j π( j )!.

In the case when f and g are functions of one variable, the nth order derivative of g ◦ f is given by
the well known Faà di Bruno formula

d n

d zn g ( f (z)) = ∑
π∈Pn

n!

π!
g (|π|)( f (z))

∏
j

(
f ( j )(z)

j !

)π( j )

(3.3.1)
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where Pn denotes the set of all the partitions of n. The Faà di Bruno formula is often written in a
form that emphasises the Bell polynomials, by grouping together in (3.3.1) the partitions of cardinal
k = 1,2, ...:

d n

d zn g ( f (z)) =
n∑

k=1

g (k)( f (z))Bn,k ( f ′(z), f "(z), . . . , f (n−k+1)(z)), (3.3.2)

where the Bell polynomials Bn,k for 1 ≤ k ≤ n are defined by

Bn,k (x1, x2, . . . , xn−k+1) = ∑
π ∈ Pn

|π| = k

n!

π!

∏
j

(
x j

j !

)π( j )

(3.3.3)

In a multi-dimensional framework, a context that has been widely investigated is f :R→Rq and
g : Rq → R. The interest for this setting is motivated by the Adomian decomposition method for
numerically solving differential equations, where the coefficients of the composed power series are
regarded as Adomian polynomials. In this type of Faà di Bruno extension, the role of the classical
partitions is taken by what one could call vector-valued partitions of an integer n, i.e. functions
π= [π1, . . . ,πq ] :N∗ →Nq satisfying

∑q
l=1

∑
j jπl ( j ) = n, each such function giving rise to a term in an

Adomian polynomial. These extended partitions implicitly appear under different forms in various
papers.

In paper [2] we dealt with the general case f :Rp →Rq and g :Rq →R. We obtained a formula which
generalizes the well-known Faá di Bruno formulas, which is useful for this problem.

Theorem 16. Let f (z) =∑
α∈Np aαzα and g (w) =∑

n∈Nbn wn . The coefficients of the composed power
series h(z) = g ( f (z)) are

cα = ∑
π∈Pα

∏
β aπ(β)

β

π!

( ∑
n≥|π|

bnn!
an−|π|
θ

(n −|π|)!

)
(α ∈Np ). (3.3.4)

The following Faà di Bruno version for partial derivatives was obtained with the same arguments as
before, by considering partial Taylor series and a remainder, instead of the whole power series. This
version corresponds in fact to the particular case of (3.3.4) when aθ = 0 (which amounts to saying that
the series g is centered at f (θ)). In this case the sum over n in (3.3.4) is reduced to its first term.

Theorem 17. Let α ∈ Np , f (z) a function in p variables that admits partial derivatives up to the
multi-order α at z0 and g (w) a one-variable function |α| times differentiable at f (z0). Then

(
∂

∂z

)α
g ( f (z0)) = ∑

π∈Pα

α!

π!
g (|π|)( f (z0))

∏
β


(
∂
∂z

)β
f (z)

β!


π(β)

, (3.3.5)

with the multi-index notations

α! =∏
α j !, |α| =∑

α j ,

(
∂

∂z

)α
= ∂|α|

∂zα1
1 · · ·∂z

αp
p

.

We showed that the concept of vector partitions is relevant and useful to our problem:
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Theorem 18. (extended Faà di Bruno formula for multiple power series) The coefficients of the compo-
sition g ◦ f are:

cα = ∑
π∈P q

α

∏q
j=1

∏
β a

π j (β)
j ,β

π!


∑

γ ∈Nq

γ j ≥ |π j |

bγγ!
q∏

j=1

a
γ j−|π j |
j ,θ

(γ j −|π j |)!

 (3.3.6)

As in the scalar case, the version for partial derivatives of the above formula can be obtained by
replacing whole power series by partial Taylor series and a remainder, and setting a1,θ = ·· · = aq,θ = 0:

Theorem 19. Let α ∈Np \{θ}, f = ( f1, . . . , fq ) a vector-valued function of p variables that admits partial
derivatives up to the multi-order α at z0 and g a q-variable function admitting partial derivatives up to
the order |α| at f (z0). Then:

(
∂

∂z

)α
g ( f (z0)) = ∑

π∈P
q
α

α!

π!

∂|π|g

∂w |π1|
1 . . .∂w

|πq |
q

( f (z0))
q∏

j=1

∏
β


(
∂
∂z

)β
f j (z0)

β!


π j (β)

(3.3.7)

We gave an algorithm for computing this type of partitions (see [2] for details).

3.4 STOCHASTIC STABILITY IN SCHELLING’S SEGREGATION MODEL

In paper [3] we undertake an example of adversarial analysis [IMR12]. Specifically, we deal with the
identification of so-called stochastically stable states in versions of Schelling’s Segregation Model
under an adversarial model of scheduling.

Schelling’s segregation model is an asynchronous dynamical system on a graph (usually a finite
portion of the one-dimensional or the two-dimensional lattice). It can be described, informally as
follows: vertices in the graph are in one of three states: unoccupied, when no agent sits on the given
node, or one of red/blue (±1), corresponding to the color of the agent inhabiting the node. Agents
have a (non-strict) preference towards living among agents of the same color. This is modeled by
considering a local neighborhood around the agent. Depending on the density of like-colored agents
in the neighborhood the agent may be in one of two states: happy and unhappy. An unhappy agent
may seek to trade places with another agent in order to become happy. It was originally observed via
"pen-and-paper simulations", and proved rigorously in a variety of settings, that segregated states
may arise even when agent only have a weak preference for its own color, and are happy to live in a
mixed neighborhood, as long as it contains "enough" of its own kind.

Our result extends the analysis of stochastic stability in Schelling’s Segregation Model to probabilistic
(asynchronous) settings substantially more complex than the random scheduler models employed in
previous results. Specifically, we assume there exists a second "influence" network on the edges of the
underlying topology. The influence model we assume is that the scheduled edge performs a random
walk on this (undirected) topology.

Theorem 20. The stochastically stable states for Schelling’s segregation model with Markovian conta-
gion form a subset of the set Q ⊆ S(G),

Q = {(w,e)|w is maximally segregated and e ∈V ×V } (3.4.1)

In other words: the conclusion that stochastically stable states in Schelling’s segregation model are
maximally segregated is robust to extending the update model from a random one to a scheduler
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that incorporates Markovian contagion, where the next scheduled node cannot adaptively depend on
the result of the last move, but only on the previously scheduled node. It is possible to construct a
scheduler that shows that when adaptiveness is allowed the analog of the previous result is no longer
true.

3.5 RELIABILITY ATTACKS IN COOPERATIVE GAMES

In paper [4] we have investigated the complexity of reliability attacks in coalitional games on networks.
We are concerned with two classes of cooperative games. The first one arose from efforts to define

game-theoretic notions of network centrality [SN08, AR10, MAS+13, TMRW17]. We define these games
as follows:

- Game ΓNC1 is specified by its value function vNC1 (S) = |S ∪δ(S)|.
- Given integer k ≥ 1, game ΓNC2 is specified by its value function vNC2 (S) = |S ∪ {x 6∈ S s.t. |N (x)∩

S| ≥ k}|.
- In game ΓNC3 graph G is weighted. We are also given a positive "cutoff distance" dcut . We give

the characteristic function vNC3 by vNC3 (S) = |B(S,dcut )|.
A second class of games, related to the example in [PGM11] is that of influence-attribution games,

formally defined by Karpov [Kar14]. A credit-attribution game is formalized by a set of authors
N = {1, ...,n} and a set of publications P = {P1, ...,Pm}. Each paper P j is naturally endowed with a set of
authors Auth j ⊆ N and a quality score w j ∈ R+. In real-life scenarios the quality measure could be
1 (i.e. we simply count papers), a score based on the ranking of the venue the paper was published
in [Ano12], the number of its citations, or even some iterative, PageRank-like variant of the above
measures.

- The full credit game ΓFC is specified by its value function vFC (S) which is simply the sum of
weights of papers whose authors’ list contains at least one member from S.

- The full obligation game ΓFO is specified by its value function vFO(S) which is the sum of weights
of papers whose authors are all members of S.

Specifically we consider the following two attack models:

(1). fractional attack: In this type of attack every node j different from the attacked node x has a
baseline reliability p∗

j ∈ (0,1]. We are allowed to manipulate the reliability of each such node
j 6= x by changing it from p∗

j to an arbitrary value p. To do so we will incur, however, a cost u j (p).

We assume that cost function u j (·) is defined and has an unique zero2 at p = p∗
j , is decreasing

and linear on [0, p∗
j ] and increasing and linear on [p∗

j ,1] (Figure 3.5.1). That is: for every player
j 6= x there exist values L j ,R j > 0 such that

u j (p) =


L j (p∗

j −p), if p < p∗
j ,

0, if p = p∗
i ,

R j (p −p∗
j ), if p > p∗

j .

(2). removal attack: In this type of attack we are only allowed to change the reliability of any node j
(different from the targeted node x) from p∗

j to 0. To do so will incur a cost c j .
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Figure 3.5.1: Shape of utility functions in fractional attacks.

Theorem 21. The Shapley values of the reliability extensions of network centrality gamesΓNC1 ,ΓNC2 ,ΓNC3

have the formulas:

Sh[vNC1 ](x) = px

∑
y∈�N (x)

S⊆�N (y)\x

1

|S|+1
ΠS, �N (y)\x

Sh[vNC2 ](x) = px [
∑

y∈N (x)

∑
S⊆�N (y)\x

|S|≥k−1

(|S|+1−k)

|S|(|S|+1)
ΠS, �N (y)\x +

∑
S⊆N (x)

k

|S|+1
ΠS,N (x)]

Sh[vNC3 ](x) = px

∑
y∈N̂ (x)

S⊆áNcut (y)\x

1

|S|+1
ΠS,áNcut (y)\x

As for credit atribution games, the corresponding result is

Theorem 22. The Shapley values of the reliability extensions ofΓFC ,ΓFO with probabilities (p1, p2, . . . , pn)
have the formulas

Sh[vFC ](x) = px ·
∑

k∈Papx

wk ·
[ ∑

S⊆Authk \{x}

Π;,S

(nk −|S|)(nk
|S|

)]
(3.5.1)

where Authk is the set of coauthors of paper k and nk = |Authk |, and

Sh[vFO](x) = ∑
k∈Papx

wk

nk
·ΠAuthk ,Authk (3.5.2)

The next result follows from Theorem 21:

Corollary 2. In the reliability extensions of the centrality games ΓNC1 ,ΓNC2 ,ΓNC3 , the Shapley values
of player 1 are monotonically decreasing functions of distance-two neighbors’ reliabilities (and do not
depend on other players).

2there is no cost for keeping the baseline reliability.
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The previous corollary shows that for network centrality games no removal attack is beneficial:

Theorem 23. No removal attack on the centrality of a player in games ΓNC1 ,ΓNC2 ,ΓNC3 can decrease its
Shapley value.

Fractional attacks on specific networks Given that removal attacks are not beneficial, we now turn
to fractional attacks. The objective of this section is to show that the analysis of optimal fractional
attacks is often feasible. Since the graphs in this section are fairly symmetric, we will assume (for these
examples) that the slopes of all utility curves are identical. That is, there exist positive constants L,R
such that if i 6= j are different agents then Li = L j = L and Ri = R j = R (though, of course, baseline
probabilities p∗

i and p∗
j may differ). The graphs we are going to be concerned with are the complete

graph Kn , the star graph Sn (where node 1 is either the center or an outer node) and the n-cycle Cn

(Figure 3.5.2).
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Figure 3.5.2: Target topologies for fractional attacks.

Theorem 24. Let G be either the complete graph Kn with n vertices. or the star graph with n vertices Sn

centered at node x = 1. To optimally attack the centrality of x in the reliability extension of ΓNC1 use the
following algorithm:

- Consider nodes 2, . . . ,n in the decreasing order of their baseline reliabilities, breaking ties
arbitrarily. p∗

sor ted(2) ≥ p∗
sor ted(3) ≥ . . . ≥ p∗

sor ted(n).

- While the budget allows it, increase to one (if not already equal to 1) the probabilities psor ted(i ),
starting with i = 2 and successively increasing i .

- If the budget no longer allows increasing psor ted(i ) to one, increase it as much as possible.

- Leave all other probabilities to their baseline values.

If, on the other hand, G = Sn centered, say, at node 2, to optimally attack the centrality of node x = 1, the
algorithm changes as follows:

- Consider nodes 2, . . . ,n in the following order: node 2, followed by nodes 3, . . . ,n sorted
in decreasing order of their baseline reliabilities p∗

sor ted(3) ≥ . . . ≥ p∗
sor ted(n), breaking ties

arbitrarily. Denote the new order by Q.
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- Follow the previous greedy protocol, increasing baseline probabilities up to one (if allowed by
the budget) according to the new ordering Q.

Similar statements hold for game ΓNC2 , and for ΓNC3 for large enough values of parameter dcut .

In the previous examples the optimal attack involved a determined node targeting order, which
privileged direct neighbors and could depend on baseline reliabilities but was independent of the
value of the budget. None of this holds in general: as the next result shows, on graph Cn the optimum
can be computed by taking the best of four node targeting orders. The optimum may lack the two
previously discussed properties of optimal orders:

- in optimal attacks one should sometimes target a distance-two neighbor (3 or n-1) before
targeting both of x = 1’s neighbors (2 and n, see Figure 3.5.2).

- the order (among the four) that characterizes the optimum may depend on the budget value B
as well. Formally:

Theorem 25. Let P,Q,R,S be the vectors [2,n,n −1,3], [2,n −1,n,3], [n,3,2,n −1], [n,2,3,n −1], re-
spectively. Let SolP ,SolQ ,SolR , SolS be the configurations obtained by increasing in turn (as much
as possible, subject to the budget B) the reliabilities of nodes 2,3,n −1,n in the order(s) specified by
P,Q,R,S, respectively. Then

a. The best of SolP ,SolQ ,SolR ,SolS is an optimal attack on the centrality of x = 1 in game ΓNC1 on
the cycle graph Cn .

b. There exist values of p∗
2 , p∗

3 , p∗
n−1, p∗

n s.t. SolP is optimal for all values of B (by symmetry a similar
statement holds for SolS).

c. There exist values of p∗
2 , p∗

3 , p∗
n−1, p∗

n and an nonempty open interval I for the budget B such that
SolQ is an optimum for all B ∈ I (by symmetry a similar statement holds for SolR ).

3.6 REDUCTION MACHINES IN COMPUTATIONAL LOGIC

In paper [5] we made a contribution to the computation of Grőbner bases: we defined and imple-
mented an initial prototype for polynomial reduction, which we call reduction machines. Grőbner
bases appear in multivariate polynomial ideal theory, allowing an algorithmic solution to the word
problem: whether a polynomial p is in the ideal generated by a set of polynomials F. To solve this, we
construct a new set of polynomials, G, using Buchberger’s algorithm, that has the property of being a
Grőbner base. G is such that it generates the same ideal as F and it makes the ideal membership test
algorithmically easy.

Buchberger’s algorithm works by taking pairs from the initial set F, building the so-called S-polynomials,
which are reduced modulo the current set of polynomials. If the result of the reduction is nonzero, the
resulting polynomial is added to the current base and new pairs are made with the existing elements of
the current base and the new element. This is done until there are no more pairs of elements to choose
from. The algorithm terminates and produces a Grőbner basis. However, it can be computationally
expensive (double exponential). Most of the computational time is taken by the reduction operation
(which can be seen as a generalized division).
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Reduction is usually done by choosing to reduce the leading monomial in the polynomial. Instead of
choosing the leading monomial of a polynomial as the monomial with respect to which the reduction
process is carried out, we investigated what happens if we make that choice arbitrarily. It turned
out not only this is possible (the fact that this produces a normal form being already known in the
literature), but, for a fixed choice of reductors, the obtained normal form is the same no matter the
order in which we reduce the monomials. To prove this, we introduce reduction machines, which
work by reducing each monomial independently and then collecting the result. We showed that a
reduction machine can simulate any such reduction.

Our focus in this paper was the basic process of reducing a polynomial modulo a set of polynomials,
which is the most time consuming part in the execution of the Gröbner bases algorithm. Traditionally,
for the polynomial being reduced, one selects the leading monomial (w.r.t. some admissible ordering)
and reduces it (in a while loop, for each such situation).

What would happen if we choose a different monomial? Would reduction work? Yes, a normal
form would be computed. Moreover, in certain conditions (if we keep the choice of reductors, i.e.
the selection strategy), no matter the choice of the monomial, we get the same normal form. Would
different choices lead to a faster solution? Probably not, but sometimes it can be done just as fast.
However, this line of inquiry led to what turns out to be a parallel method to do reduction, which has
the potential to improve the performance.

Reduction machines allow parallelization inside the redution operation, which may allow faster
computation. Moreover, since our improvement is internal to the reduction operation, it can be used
with any other improvement of Grőbner bases computation known from the literature (reduced bases,
criteria, selection strategies, parrallelization - F4, F5 algorithms, etc).

Definition 1 (Reduction machine). Let g = m1 + . . .+mn be a polynomial represented as the sum of
monomials and F a set of polynomials. A reduction machine with inputs g and F is described in the
following way:

• for each of the monomials mi , i = 1, . . . ,n, construct its reduction thread,

• for the resulting sequence of reduction threads, accumulate the sum of all the leaves (irreducible
monomials) and return the result.

Example 1. Let g = 4x3 +2x2 y +7x y +2y and F = {x2 +x − y, x −2} for which, as selection strategy, we
choose polynomials according to the lexicographic ordering of their leading monomials. The classic
reduction yields a sequence of the following form:

4x3 +2x2 y +7x y +2y

1
−−−−→ 2x2 y −4x2 +11x y +2y

2
−−−−→ −4x2 +9x y +2y2 +2y

3
−−−−→ 9x y +2y2 +4x −2y

4
−−−−→ 2y2 +4x +16y,

5
−−−−→ 2y2 +16y +8

The corresponding reduction machine is represented in Figure 3.6.1.
We also describe an early prototype implementation of reduction machines, which at the moment is

sequential. Experiments show that this version performs similarly to classic reduction. We identified
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Figure 3.6.1: Reduction machine for Example 1.

some inefficiencies in reduction machines, where same computations will be repeated, and we
introduced reduction machines with caching that address these inefficiencies, by recognizing the
situations when the reduction of certain power products has already been carried out. This, too, was
implemented sequentially, and performed well in our tests.

The soundness of our approach is based on the following:

Theorem 26. Let g = m1 +·· ·+mn let F = { f1, . . . , fl } be an ordered l -tuple of polynomials with a fixed
selection strategy. Each branch of the reduction process of g with respect to F yields the same result.

To summarize, we introduced reduction machines and proved that they can simulate any way in
which reduction can be made, and these reduction machines are suitable to parallelization.

3.7 REPRESENTATION FRAMEWORKS AND HELPING CENTRALITIES IN SOCIAL

NETS

3.7.1 REPRESENTING CENTRALITY MEASURES IN SOCIAL NETWORKS BY COALITIONAL SKILL

GAMES

In paper [6] we advocate the explicit representation of centrality measures in social networks as the
Shapley value of cooperative skill games. We give several examples that show that some existing
centrality measures prove several results on this representation.

[SMR17] have shown that any centrality measure is equivalent to a coalitional centrality measure.
We make this result slightly more precise: the cooperative game can be taken to be a CSG and the
solution concept can be induced by any arbitrary semivalue:

Theorem 27. For every semivalue β and every centrality c ∈C there exists an equivalent β-skill-based
representation.

Example 2. [Degree centrality:] Consider a graph G = (V ,E). We associate to G a game Γ as follows:
skills correspond to edges of G. A node of G has a skill e iff it is incident with e. Tasks correspond to edges
as well.
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Sometimes, as the following example shows, the "natural" representation of centralities using CSG
is inefficient, as the number of tasks may be exponential in the size of graph G .

Example 3. [Betweenness centrality]: Consider a graph G = (V ,E ). Associate to G a game Γ as follows:
skills correspond to edges of G. A node of G has a skill e iff it is incident with the corresponding edge.
Tasks correspond to shortest paths connecting two nodes, say z1, z2 in G. Such a task has weight equal to
the inverse of the number of shortest paths between z1, z2. The trivial skill-based centrality measure
coincides with (ordinary) betweenness centrality.

In Theorem 27 we were, in some sense, "cheating", as the values of network centrality were built
in the weights the dummy game representing the measure. In particular this game depended on the
graph G , not only on n, the number of vertices. It is natural to ask whether universality fails once we
impose some further restrictions on the framework that precludes such "pathological" representations.

We have, therefore, studied an interesting and natural restriction on characteristic functions and
centrality measures: that they are "rational functions of the graph topology", i.e. a quotient of two
polynomials. We formalize this idea as follows: Given a set of vertices V , denote by En(V ) the set of
subsets w = {v1, v2} of distinct vertices in V . Associate to every w ∈ En(V ) a boolean variable Xw . We
can interpret the set E of edges of any graph G on V as a 0/1 assignment (Xw )w∈En (V ) ∈ {0,1}En (V ), Xw =
1 if w ∈ E , Xw = 0, otherwise. By forcing notation we will write E instead of (Xw )w∈En (V ) ∈ {0,1}En (V ).
We do similarly for vertices, identifying a vertex i with a boolean variable Yv . This way we can specify
a set of vertices S by a boolean vector, corresponding to those vertices v with Yv = 1.

Definition 2. A family of characteristic functions (vn)n≥1 is called rational if there exists two families
of polynomials Pn(Xe ,Yv ) and Qn(Xe ,Yv ) ∈Q[X ,Y ] such that for every n ≥ 1 and S ⊆ [n]

vn(S) = Pn[E ,S]

Qn[E ,S]
(3.7.1)

Definition 3. Let V be a set of vertices. A centrality measure c = (cn)n≥1 is rational iff there exist
multivariate polynomials Pn,v ,Qn ∈Q[X ] such that, for every n ≥ 1, and every graph G = (V ,E ) on V we
have

cn(v,G) = Pn,v [E ]

Qn[E ]
(3.7.2)

Example 4. Degree centrality is rational. Indeed, one may take Pn,v [X ] = ∑
e3v

Xe and Qn[X ] = 1.

The case of betweenness centrality is more interesting:

Theorem 28. Betweenness centrality is rational.

The following two theorems show that the family of rational centrality measures is reasonably
comprehensive:

Theorem 29. Every centrality measure induced by a rational family of characteristic functions is
rational.

Corollary 3. Game-theoretic network centrality [MAS+13] is a rational centrality measure.

Corollary 4. If vn is a family of characteristic functions whose Harsányi dividends are rational numbers
then the family of centrality measures induced by vn is rational.

Theorem 30. Every centrality measure induced by a family of CSG with constant coefficients in Q is
rational.
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Theorem 30 connects rationality to the representation of centrality by CSG, essentially showing
that when we disallow adaptive representations like those used in the proof of Theorem 27 induced
centrality measures are indeed rational.

Despite these two results, rational measures are not universal; they fail to capture a natural centrality
measure:

Theorem 31. Eigenvector centrality is not rational.

On the other hand the representation of centralities by coalitional skill games has advantages, such
as the following fixed-parameterized complexity result:

Theorem 32. Let β be a poly-time computable family of semivalues. The following problem

- [INPUT:] A CSG Γ= (N , v) and a player i ∈ N .

- [TO COMPUTE:] SemivalueΦβi (v).

parameterized by k, the cardinality of the largest skill set required by any task, is fixed parameter
tractable.

3.7.2 MEASURES OF HELPING CENTRALITY

As an application of the framework in the previous section, in [6] and the companion paper [12] we
study measures of helping centrality. Informally, such measures formalize the extent to which an
agent can help various coalitions complete certain tasks not by virtues of its skills, but by being able to
enlist its neighbors, who may have such useful skills. We give three such measures:

- In [6] we give two such measures: one (called Shapley Helping Centrality based on the Shapley
values of certain games), the other (called simply Helping Centrality)

- In [12] we give a measure called Banzhaf Helping Centrality, inspired by the Banzhaf value.

defining such a centrality notion is somewhat subtle and may not have a single, always best solution.
The following could be the natural first idea:

Definition 4. Given coalitional game Γ and graph G, we define the centrality extension of Γ on graph G
as the game Γ1 with value function vcen(S) = v(S ∪N (S)).

Example 5. Consider the dummy game v(S) = |S|. Then for every graph G the Shapley value of the
centrality extension vcen(S) of v on graph G is exactly the game-theoretic centrality of G [SN08].

Since we want to disentangle a player’s capability to help solve tasks itself from its capability to
get help from its neighbors, defining helping centrality would require subtracting the Shapley value
of v from the Shapley value of its centrality extension vcen . However, this is problematic: since
v(N ) = vcen(N ) and the Shapley values of vcen , v add up to v(N ), quantity Sh[vcen](i )−Sh[v](i ) will be
negative for some players i (unless Sh[v] = Sh[vcen], in which case the centrality would be identically
zero) !

A variation of this approach works, however, sometimes: instead of subtracting Sh[v], only subtract
a "scaled down" version of this quantity. That is, define helping centrality as (a multiple of) Sh[vcen]−
αSh[v] for some suitable α ∈ (0,1). An appropriate choice seems to be the following
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Definition 5. For CSG game Γ on graph G define

∆∗ = max
t∈T

s∈Tt

{|N (C ) \C | : C ⊆ P (s), |C | = ns −ks,t +1}

where ns is the number of players having skill s and ks,t is the number of copies of skill s needed to
accomplish task t .

Note that ∆∗ = ∆ in games where ns = ks,t for every task t ∈ T and s ∈ Tt , in particular for games
where each skill is possessed by a single player.

Definition 6. Define the Shapley-based helping centrality of a node x ∈V in a game Γ= (N , v) on graph
G by

HC (x) = (1+ 1

∆∗ )[Sh[vcen](x)− Sh[v](x)

∆∗+1
] =

= (1+ 1

∆∗ )Sh[vcen](x)− 1

∆∗ Sh[v](x) (3.7.3)

This definition is sensible in at least the following three settings (Theorem 3.12.1, stated later, offers
yet another one):

Theorem 33. Consider a CSG game Γ= (V , v) in which every player x possesses at most one skill. Then
for every player x, HC (x) ≥ 0 and

∑
y∈V

HC (y) = 1.

In the next two examples each skill is unique to some player:

Example 6. Let G = Sn be the star graph with n vertices (Figure 3.7.1 (b)) and let S = {2,3, . . . ,n}. Then

vcen,S(T ) =
{

1, if {2,3, . . .n} ⊆ T or 1 ∈ T,
0, if otherwise.

Simple computations yield Sh[vS](1) = 0, Sh[vS](i ) = 1/(n −1) for i = 2, . . .n. Also Sh[vcen,S](1) = 1− 1
n ,

Sh[vcen,S](i ) = 1
n(n−1) for i = 2, . . .n. In conclusion HC (1) = 1, HC (i ) = 0, for i = 2, . . .n. Node 1 is the

only one that has positive helping centrality, despite being a null player ! Also, sensibly, the helping
centrality of all other nodes is zero, as their only neighbor is 1 which is not in the coalition S, so they
cannot help.

Example 7. In the setting of Example 5, the Shapley value of node x has the formula [MAS+13]
Sh[v](x) =∑

y∈N̂ (x)
1

deg (y)+1 . Hence HC (x) = (1+ 1
∆ )[

∑
y∈N̂ (x)

1
deg (y)+1 − 1

∆+1 ], which is ≥ 0, since x ∈ N̂ (x)

and deg (x) ≤∆.

However, it is not clear that, as defined, HC [v](x) is nonnegative in all CSG. This motivates giving a
second definition, which departs from the idea of giving a notion of helping centrality based on the
Shapley value:

Definition 7. Given coalitional game Γ and graph G, we define the Helping Shapley value of a player
x by HSh[v](x) = 1

n! ·
∑
π∈Sn

[v(Sx
π ∪ {x}∪ N (x))− v(Sx

π)], where Sx
π = {π[i ]|π[i ] precedes x in π}. The

helping centrality of player x is defined as

Hel p(x) = HSh[v](x)−Sh[v](x) =
= 1

n!

∑
π∈Sn

[v(Sx
π∪ {x}∪N (x))− v(Sx

π∪ {x})]. (3.7.4)

Note that if game Γ is monotonically increasing then v(Sx
π∪ {x}∪N (x))− v(Sx

π∪ {x}) ≥ 0. When the sign
is strictly positive say that x helps ordered coalition Sx

π. Finally, by performing appropriate divisions we
also consider the normalized versions �HSh and �Hel p.
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Figure 3.7.1: (a). Graph P2 (b). Star graph S7.

Example 8. Let G = P2 be the graph in Figure 3.7.1, and Γ be the T -veto game corresponding to

coalition T = {1,3}. That is v{1,3}(S) =
{

1, if {1,3} ⊂ S,
0, if otherwise.

Considering the permutations in S3 in the

order (1,2,3), (1,3,2), (2,1,3), (2,3,1), (3,1,2), (3,2,1), simple computations show that HSh[v{1,3}](1) =
1
6 (0+0+0+1+1+1) = 1

2 , HSh[v{1,3}](2) = 1
6 (1+0+1+1+0+1) = 2

3 , HSh[v{1,3}](3) = 1
6 (1+1+1+0+0+0) = 1

2 .
As for helping centralities, we have Sh[v{1,3}](1) = Sh[v{1,3}](3) = 1

2 and Sh[v{1,3}](2) = 0, so Hel p(1) =
Hel p(3) = 0, and Hel p(2) = 2/3. Node 2 is the only one that has positive helping centrality, despite
being a null player !

A potential disadvantage of measures HSh and Hel p is that they do not have easy interpretations
in terms of classical notions of coalitional game theory. On the other hand, they have exact formulas
somewhat reminiscent of the formula for the Shapley value:

Theorem 34. Given game Γ= (N , v) with veto decomposition v =∑
S aS vS , graph G = (N ,E ), i ∈ N and

S ⊆ N denote by NC (i ,S) the set of nodes in S \ N̂ (i ) and by Cov(i ,S) = S ∩ N̂ (i ). Then

HSh[v](i ) = ∑
;6=S
i∈S

aS

|NC (i ,S)|+1
+ ∑

;6=S
i∈N (S)\S

aS

|NC (i ,S)|+1
[1− 1

|Cov(i ,S)| ]

and

Hel p(i ) = ∑
;6=S
i∈S

aS(|Cov(i ,S)|−1)

|S|(|NC (i ,S)|+1)
+ ∑

;6=S
i∈N (S)\S

aS[|Cov(i ,S)|−1]

(|NC (i ,S)|+1)|Cov(i ,S)| .

Unfortunately a formula for Sh[vcen] (and ultimately for HC [v]) seems hard to obtain. The reason
is that in order to compute Sh[vcen] we would need to compute the Shapley values of games of type

vcen,S(T ) =
{

1, if S ⊂ T ∪N (T ),
0, if otherwise.

Doing this requires computing the probability that a random set of vertices is a vertex cover, which
seems infeasible. This shows another problem of the Shapley-based helping centrality. As expected,
computing helping centralities for arbitrary CSG is computationally intractable:

Theorem 35. The following problems are #P-complete:

- [INPUT:] Graph G, CSG Γ, and player x ∈ N .

- [COMPUTE:] (a). The Helping Shapley value HSh[v](x). (b). The Shapley-based helping centrality
HC (x) of node x.

For a special class of CSG computing helping centralities is tractable.

27



Definition 8. A pure skill game is a CSG where, for every t ∈ T , |Tt | = 1 (every task presumes a single
skill).

Theorem 36. For pure skill games v and player x ∈V

HC (x) = ∑
t∈TN̂ (x)

wt
(∆∗+1)|P (t )|− |P (t )∪N (P (t ))|

∆∗|P (t )||P (t )∪N (P (t ))|

Hel p(x) = ∑
t∈Tx

wt

|P (t )|(|P (t )|+1)

We have denoted by P (t ) the set of players that have the unique skill needed to complete task t . Conse-
quently, both quantities Hel p(x) and HC (x) are ≥ 0 for all players x.

The Shapley value has a nice axiomatic characterization [Sha53]. The axiomatic approach to
characterizing various coalitional measures has developed into an important direction in coalitional
game theory, and has recently been adapted to centrality measures as well. A natural question is
whether our Helping Shapley value has a similar axiomatic characterization.

Definition 9. Given graph G = (V ,E), a function f : Γ[V ] →RV satisfies the axioms of

- linearity if for every player x ∈ V and any two games v1, v2 on V , f [v1 + v2](x) = f [v1](x)+
f [v2](x) and, for every α ∈R, f [αv1](x) =α · f [v1](x).

- null helping if for every game v on V and i ∈V s.t. for every S ⊆V , v(S ∪ {i }∪N (i )) = v(S) then
f [v](i ) = 0.

- veto game symmetry if for any veto game vS and players x, y , f [vS ](x), f [vS ](y) > 0 ⇒ f [vS ](x) =
f [vS](y).

Theorem 37. The Helping Shapley value satisfies the linearity and null helping axioms.

Unfortunately while the Shapley value satisfies veto game symmetry, this is not true for the Helping
Shapley value:

Example 9. Consider the star network Sn in figure 3.7.1 (b). Then in the unanimity game vN on Sn

(corresponding to S = {1,2, . . . ,n}) we have HSh[vS](1) = 1 > 0, HSh[vS](i ) = 1
n−1 > 0 for all i = 2, . . . ,n.

Indeed, node i ≥ 2 is pivotal for π iff all other nodes in S \ {1, i } appear before i in π. This happens with
probability 1/(n −1).

This mismatch has implications for the axiomatic characterization of the Helping Shapley value:
for the ordinary Shapley value its uniqueness amounts to establishing veto game symmetry, which
normally follows from an equal treatment axiom. The lack of veto symmetry means that we cannot
adapt the classical proof of the Uniqueness of the Shapley value to the Helping Shapley value, but we
only have the following weaker version:

Theorem 38. The Helping Shapley value HSh is the only function f that satisfies linearity and f [vS] =
HSh[vS] for all veto games vS .

We applied our helping centrality measures to the terrorist network in Figure 3.7.2. We build upon
a scenario from [MRSW15] based on the 9/11 terrorist network initially reconstructed in [Kre02]. In
addition to ordinary nodes (displayed as white circles), some nodes are endowed with one of two
skills: M ("martial arts", displayed as yellow squares), P ("pilot", displayed as grey diamonds) (see
Figure 3.7.2 (a)). A coalition of nodes could execute a hijacking attack iff it contains at least two agents
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Figure 3.7.2: The 9/11 WTC attack social nework (after [Kre02], with skills assigned by [MRSW15]).

with capability M and one agent with capability P . This description maps easily onto an (extended)
CSG with a single task, specified as the multiset of skills {M , M ,P }, with profit 1, i.e. a coalition is
winning iff it contains at least two M members and at least one P member.

We could estimate helping centralities using sampling techniques similar to those for the Shapley
value, but in this case of the 9/11 network exact computations are actually feasible. To reduce overhead,
call two nodes equivalent iff (a). They have the same set of skills (b). The families of multisets of
skills of their neighbors are identical as multisets. For Figure 3.7.2 this relation splits V into the
following equivalence classes: {1,19}, {2}, {3,15}, {18}, {17}, {4,11}, {5}, {16}, {14}, {13}, {9,12}, {6,8,10}, {7}.
It is easy to see that equivalent nodes have identical Helping and Shapley-Based Helping Centralities.
Nodes 2 helps no ordered coalitions, hence Hel p(2) = 0. At the other extreme, 16 has the highest
normalized helping centrality, 0.126117. The complete node ordering by decreasing Helping Centrality
is 16 > 13 > {7,9,12} > {6,8,10,11,4} > 5 > {3,14,15} > {1,19} > {17,18} > 2.

As for the Shapley-Based Helping Centrality, the 9/11 Network falls within the scope of Theorem 33.
∆∗ = 11, as witnessed by the coalition C of M nodes except 11. Again 16 has the highest value,
HC (16) = 0.118687, while the order by decreasing HC is 16 > 13 > {7,9,12} > {6,8,10,11} > 4 > 5 >
{3,14,15,1,19} > {17,18,2}. Both measures identify node 16 as the most helpful, with comparable
centralities, and give quite similar orderings (an interesting fact, since the two measures were fairly
different). The ordering produced by Hel p seems slightly more discriminating.

In companion paper [12] we study a Banzhaf-based Helping Centrality. It is more intuitive than the
previous two formulas and is defined as follows:

Theorem 39. The Banzhaf Helping Centrality has the following formula, where N (x) denotes the set of
neighbors of x in G:

B HC [v](x) = 1

2n−1 ·∑
T

aT · 2|T∩N (x)|−1

2|T∩N (x)| (3.7.5)

Next we highlight a special class of games for which computing BHC is tractable: A pure skill game
is a coalitional skill game for which every task presumes a single skill. We will denote by P (t ) the set of
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players that have the unique skill needed to complete task t . For simplicity we present our result for
single-task pure skill games of profit 1. One can extend the result to the general case by linearity:

Theorem 40. Given a single task pure skill game v of profit 1 and player x ∈V

B HC [v](x) =
{

0, if x ∈ P (t ) or N (x)∩P (t ) 6= ;
2−|P (t )|, otherwise.

When tasks require more than (one copy of a) skill the previous result ceases to be true. Still, one
has the following result:

Theorem 41. Computing the Banzhaf Helping Value parameterized by k, the largest number of skills
needed for a task, is fixed-parameter tractable. That is, there is an algorithm (based on dynamic
programming) whose complexity may be exponential in k but is polynomial in the size of the input
coalitional skill game.

By linearity we can further reduce the problem to that of a game with a single-task t whose profit is
1. In this case we have an exact result, presented below:

Definition 10. We will assume that t needs (for each possible skill s) at least ts ≥ 0 copies of skill s (ts

will be called the threshold value of skill s). We will call a vector b = (bs) critical iff bs ≥ ts for all skills s,
and noncritical otherwise. If we encode the number of copies of each skill in a coalition S by a vector b,
critical vectors correspond to sets S such that v(S) = 1.

Definition 11. Given an agent x, we will denote:

- by nx
s the number of neighbors of x having skill s,

- by ox
s the number of nonneighbors of x (other than x) having skill s,

- by zx
s ∈ {0,1} the number of skills s owned by x itself.

Clearly ns +os + zs ≥ ts for every skill s, otherwise task t could not be accomplished even by the grand
coalition. Also denote by n,o, z the corresponding vectors. We will often omit the superscript x from our
notation when it is self-evident.

With these notations we have the following formula for the Banzhaf Helping Centrality:

Theorem 42. For every node x we have

B HC [v](x) = 2
−(

∑
s∈Sk

os ) · ∑
is≥ts−−zs−ns

[
∏

s∈Sk(t )

(
os

is

)
]−

−2
−(

∑
s∈Sk

ns+os ) · ∑
is+ js≥≥ts−zs

[
∏

s∈Sk(t )

(
os

is

)(
ns

js

)
] (3.7.6)

3.8 INTERACTIVE PARTICLE SYSTEMS AND THE ANALYSIS OF LOCAL-SEARCH

ALGORITHMS FOR THE XOR-SAT PROBLEM

In paper [9] we analyzed the expected running time of WalkSAT, a well-known local search procedure
for satisfiability solving, on satisfiable instances of the k-XOR SAT problem. We obtained estimates
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Algorithm WalkSAT(Φ):

Step I: start with assignment U chosen uniformly at random.

Step II: while (there exist unsatisfied clauses)
pick a random unsatisfied clause C

flip the value of a random variable of C in U.

Step III: return assignment U.

Figure 3.8.1: Algorithm WalkSAT.

of this expected running time by reducing the problem to a setting amenable to classical techniques
from drift analysis.

On a technical level, our results extended the classical versions of annihilating and coalescing ran-
dom walks, as well as the voter model to hypergraphs. Besides their intended application to XOR-SAT,
such generalizations have obvious intrinsic interest, and added to the growing recent literature
on extending interacting particle systems to hypergraphs[LP12, CD12, CT13, CFR13, ALL14] and
simplicial complexes [SKM12, PRT12]. The analysis we perform also had consequences for several
other seemingly unrelated problems, such as social balance [AKR06] and lights-out games [Sch14].

Though inheriting some properties from the graph case, our generalizations display additional
technically interesting features: for instance, in contrast to the graph case (where it is nonincreasing),
the number of live particles in annihilating random walks on hypergraphs may go up, and the structure
of recurrent states is constrained by systems of linear equations similar to the ones used to analyze
lights-out games [Sch14]. On the other hand, in coalescing random walks on hypergraphs there may
be more than one copy of an initial "particle" and the process is naturally described using multisets,
rather than sets of particles.

First of all, the following easy observation is true:

Theorem 43. LetΦ be a satisfiable instance of k-XOR-SAT. Let X (1) be an arbitrary assignment. Then a
satisfying assignment X (2) forΦ is reachable from X (1) by means of moves of WalkSAT.

We analyzed a motivating example, a particular instance K5(Zn) of XOR − S AT whose formula
hypergraph forms a complete hypergraph. We noted hat a certain odd Cheeger drift becomes negative
for assignments with a small density of ones (Figure 3.8.2)

This allowed us to employ drift analysis and prove the following:

Theorem 44. There exist constants ε> 0, 0 < d < 1 and c > 1 such that for all large enough n ≥ 1 and
any initial assignment X1,n with dH (X1,n , Zn) > n( 1

2 −ε), the expected convergence time of WalkSAT on
system K5(Zn) starting from initial assignment X1,n is at least cn(1−d).

One can easily extend this example, as follows:

Theorem 45. Given family Φ = (Φn) of connected, uniquely satisfiable instances of k-XOR-SAT, the
following statements hold:

(i). Suppose there exists constant δ> 0 such that for all nonempty sets A ⊂V , Dodd (A) ≥ δ. Then

max
Xn∈{0,1}n

E [TW alkS AT (Φn , Xn)] ≤ T (n), (3.8.1)
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Figure 3.8.2: The (asymptotic) odd Cheeger drift of the complete 5-uniform hypergraph Kn,5.

where T (n) is a function such that
T (n) =O(n). (3.8.2)

(ii). Suppose case 1 does not apply but Dodd (A) ≥ 0 for every nonempty set A. Then inequality (3.8.1)
holds with

T (n) =O(n2τodd (H(Φn))). (3.8.3)

On the other hand, given familyΦ= (Φn) of connected instances of k-XOR-SAT, the following statement
holds:

(iii). Suppose there exist 0 < η1 < η2 < 1 and δ> 0 such that for all sets A ⊂V with η1n < |A| < η2n we
have Dodd (A) <−δ. Then for any sequence of assignments Xn with |Xn | ≥ η2n,

E [TW alkS AT (Φn , Xn)] ≥ TH (n), (3.8.4)

where TH (n) is a function such that

TH (n) =Ω(eΩ(n)). (3.8.5)

We were able to go beyond the uniquely satisfiable case by duality. Our main result bounded the
convergence time of the annihilating random walk on a connected hypergraph. By duality, it yields
estimates of the expected convergence time of algorithm WalkSAT on a satisfiable k-XORSAT instance
Φ. Such bounds are similar to the ones in Theorem 45, except that the relevant quantity turns out to
be the odd Cheeger drift of the triadic dual hypergraph D(Φ):

Theorem 46. Given family H = (Hn) of odd-connected hypergraphs, the following statements hold:

(i). Suppose there exists constant δ> 0 such that for all nonempty sets A, Dodd (A) ≥ δ. Then

max
B∈S (Hn )

E [cann(Hn ,B)] ≤ TH (n), (3.8.6)

where TH (n) is a function such that
TH (n) =O(n). (3.8.7)

(ii). Suppose case 1 does not apply but Dodd (A) ≥ 0 for every nonempty set A. Then inequality (3.8.6)
holds with

TH (n) =O(n2τodd (Hn)). (3.8.8)
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3.9 EXTENDED SOBEL FILTERS FOR IMAGE GRADIENTS

In paper [11] we designed extended Sobel filters used to compute gradient of an image in order to
find its edges. We compared the result of our extended filters with the standard and extended Prewitt,
Sobel and Scharr filters, using different image sets. We used the BSDS500 benchmark tool and image
sets for the comparison results.

We used the Canny Edge detection algorithm in order to compare our extended filter with the
standard approach that uses the classical 3x3 Sobel operator.

By replacing the Sobel filter with the extended versions (5x5, 7x7 up to 15x15) of it, we analyze which
of those extended filters can improve the most the Canny Edge detection algorithm in practice.

Table 3.9.1: Custom extended Sobel Comparison on the Test Set from BSDS500

Filter Overall Overall Overall
Size Recall Precision F1-score
3×3 0.581269 0.430275 0.494503
5×5 0.790220 0.426561 0.554047
7×7 0.786260 0.446317 0.569410
9×9 0.791705 0.439016 0.564825

11×11 0.795737 0.426619 0.555446
13×13 0.791030 0.416494 0.545677
15×15 0.785332 0.406225 0.535470

Table 3.9.2: Custom extended Sobel Comparison on the Train Set from BSDS500

Filter Overall Overall Overall
Size Recall Precision F1-score
3x3 0.598837 0.402990 0.481770
5x5 0.806898 0.397421 0.532548
7x7 0.800562 0.417457 0.548760
9x9 0.496480 0.610924 0.547788

11x11 0.504355 0.601248 0.548556
13x13 0.505152 0.583671 0.541580
15x15 0.502193 0.564027 0.531317

Table 3.9.3: Custom extended Sobel Comparison on the Validation Set from BSDS500

Filter Overall Overall Overall
Size Recall Precision F1-score
3x3 0.611690 0.410208 0.491087
5x5 0.807394 0.403534 0.538118
7x7 0.800256 0.423428 0.553820
9x9 0.803704 0.415565 0.547855

11x11 0.493794 0.594842 0.539628
13x13 0.501036 0.576241 0.536014
15x15 0.498039 0.557311 0.526010

Table 3.9.1 contains the results of the Sobel filter and custom extended Sobel filters on the BSDS500
train set. The overall recall represents the average recall score for all samples and the overall precision
the average precision score for all samples, for the best average F1-score over all samples.

We can observe that every extended Sobel filter obtained a better overall F1-score than the Sobel
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filter. The best results were obtained by the 7x7 extended Sobel filter.
By continuing to extend the Sobel filter, we can also notice that the F1-score starts to decrease. The

13x13 and 15x15 extended Sobel filters obtained a significantly lower F1-score than the 7x7 extended
filter. This is also the case for the overall precision, whereas the overall recall alternates but there are
no significant differences.

In the Tables 3.9.2 and 3.9.3, we can observe that on the train set from BSDS500, the best F1-score
was obtained also by the 7x7 custom extended Sobel filter. After further expanding the filter, the
F1-score started to decrease.

But we can notice that on this set the expansion of the filter leads to an increase of precision but
decrease of recall, whereas on the test set there was no noticeable difference between the custom
extended filters regarding the recall.

3.10 KERNELIZATION AND PROOF COMPLEXITY

In paper [14] we study, motivated by our previous work [IC14, ABB+18] on the proof complexity of the
Kneser-Lovász theorem, the existence of efficient Frege and extended Frege proofs for several combi-
natorial principles. Remarkably, the concepts of data reduction and kernelization from parameterized
complexity [FLSZ19] turn out to have versions with implications for proof complexity.

Indeed, the following (meta)theorem holds:

Theorem 47. If P is a parameterized problem with a data reduction rule of length O(1) (O(logn)) whose
soundness can be proved in poly-size in Frege, then P has (quasi-)poly size Frege proofs.

If P has a data reduction rule of length O(pol y(n)) whose soundness can be proved in poly-size in
Extended Frege, then P has poly size Extended Frege proofs.

An application of this metatheorem and of the well-known kernelization, due to Sam Buss, of the
vertex cover problem we get the following result:

Theorem 48. For every fixed k ≥ 1, the set of statements

V C>k := {vc(G) > k | G is a graph with no vertex cover of size k}

has propositional translations ("no k vertices form a vertex cover") with polynomial size Frege proofs.

A second application is the class of formulas encoding the stable versions of the Kneser-Lovász
theorem [Sch78].

We are currently investigating which other kernelizations yield concrete applications of our metathe-
orem. The target paper is supposed to be completed by the end of the project, to be submitted in early
January 2020 to the LICS’20 conference.

3.11 METHODS FOR IMAGE SEGMENTATION.

In paper [10] we investigated several network topologies and provided a detailed analysis of their
performance for semantic image segmentation in satellite data. Several methods were been applied
to increase the accuracy of prediction when using deep learning such as ensembling, alternating
between optimisers during training and using pretrained weights to bootstrap new models. These
methods although effective, are not indicative of single model performance. In the submitted paper
we presented different topology variations of some of the state of the art topologies, and studied how
these variations effect both training convergence and out of sample, single model, performance.
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3.12 MECHANISM DESIGN IN SOCIAL NETWORKS WITH CONTAGION

In paper [15] (which is in an advanced state, with an intended deadline of mid-November 2019, but
not 100% completed at the moment of writing this report) we study a version of diffusion mechanism
design in social networks [LHZZ17]. Compared with the existing models in the literature, our model
incorporates threshold contagion: a node gets activated when the total weight of its activated neighbors
is superior to a certain threshold.

Compared to the original model in [LHZZ17], our version displays some novel qualitative features:
Unlike the case in [LHZZ17], even threshold values of two may induce the Vickrey-Clarke -Groves
(VCG) mechanism to lose incentive compatibility:

Theorem 49. The following are true:

1. The VCG mechanism with threshold contagion is individually rational

2. VCG is incentive compatible in settings where for every node i ∈ N \ {s} we have

bi ≤ mi n j∈N (i )w((i , j )). (3.12.1)

(that is one active neighbor is enough to activate any given node).

3. With general nonnegative activation thresholds VCG is not incentive compatible.

We also addapt to our setting two algorithms from the literature:

INFORMATION DIFFUSION (IDM):

Step I: For all nodes i outside the critical DAG D(G) set πI DM
i (a) = 0, p I DM

i (a) = 0.

Step II: Consider the nodes i ∈ D(G) in the order. Let i0 be the first node such that
v ′

i = max{v j : j ∈ NC (S(i ))}

Step III: SetπI DM
i0

(a) = 1, p I DM
i0

(a) = 0. Also, setπI DM
j (a) = 0, p I DM

j (a) = 0 for nodes

j appearing after i0 in D(G).

Step IV: For nodes j appearing before i0 in D(G) set πI DM
j (a) = 0, p I DM

j (a) = d+( j ).

CUSTOMER SHARING (CSM):

Step I: Compute buyer max ∈B which maximizes the quantity v ′
i −C (Ti ) over all

i ∈B, where Ti is a propagation DAG for buyer i of minimum cost. SetπC SM
i (a) = 0,

pC SM
i (a) = 0 for nodes i 6∈ Tmax .

Step II: Set πC SM
max = 1, πC SM

i =−1 if i ∈ Tmax \ {max}. That is, we allocate the good
to node max, and other nodes in the propagation tree will incur their fixed cost of
routing the information to max.

Step III: Set pC SM
i (a) = −di if i ∈ Tmax \ D(G), pC SM

i (a) = d+(i )−di if i ∈ Tmax ∩
D(G), i 6= max. Finally, set pC SM

max (a) =−d+(max)+C (Tmax ).

Figure 3.12.1: The Information Diffusion and Customer Sharing Mechanisms.
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4 OTHER PROBLEMS

During our project we started working on several other problems, where our research is not quite that
mature. We list them briefly in the sequel:

- obtaining strong separations (with immunity) of the polynomial hierarchy with respect to a
random oracle. This is the most difficult/highest payoff problem that we investigated during
this project.

- heap tableaux and RSK-type correspondances for sequences of intervals.

- the heapability constant for interval heapability. We conjecture in [8] that the scaling constant is
λk = 1

k+1 .

- (with our American collaborators) the study of properties such as heapability in succint models
such as tolerant algorithms [KPSW11] and property testing [Gol17].

We expect at least two additional papers to result from these research directions, and will attempt
to complete them in the following year.
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